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Spot the difference

Millennium-XXL

Hamada+2009

Angulo+2012



-

'y

I

L=
-

-

-

"L‘.
nd.
-
.
-

-~

$

=
[
.
-
& "
L

’
v

- %

-

Hubbleul’a:a de p ffel‘d. T

“+
.

0"
-
y A

"~
’
’
’
ot |
-
»
-’.
LY
\



3 % ) ity At e X J 4 ¥ & 5 : e
; 2 & ' : s g 2 . . v Bl % % [ a
. - 4 A - . A i - - » ] " - L
2 o . . : £ b S R . L . i
g B * & ’ ‘ # . -~ & - f T » ¢ s i)
W : S St 5 : e s 2 e
. R & ) s o N 5 f.. e .,.‘I . T o 5 T - ” -
e e 5 e e b ;e s g ; : .




"Gang of Four" Receives $500,000 Gruber Cosmology Prize for
Reconstructing How the Universe Grew

June 1, 2011, New York, NY —Four astronomers who found a way to recreate the growth of the universe are the
recipients of the 2011 Cosmology Prize of The Peter and Patricia Gruber Foundation. Marc Davis, a professor in
the Departments of Astronomy and Physics at the University of California at Berkeley; George Efstathiou, the
director of the Kavli Institute for Cosmology in Cambridge; Carlos Frenk, the director of the Institute for

Computational Cosmology at Durham University; and Simon White, a director of the Max Planck Institute for
Astrophysics in Garching, Germany, will share the $500,000 award.

Marc Davis George Efstathiou Carlos Frenk Simon White




Solving Poisson’s equation in Fourier space

exp(—ik-r)\
/4

In theory: V*®(r) = 47Gp(r) k2 (k) = 4rGp(k)

In practice:

{2i,y, 2} 255 p(r) 0 pk) — d(k) —0 B(r) — F(r)
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@ Perturbations are calculated in Fourier space;

@ PM 1s much faster than pure direct summation;

@ Also faster than BH tree (1986);

@ Inaccuracies in short range compensated by P3M;

@ Somebody else has already written FFT(fully tested)

@ Periodic boundary condition done right for free.




Solving Poisson’s equation in Fourier space

1
FET T k2 IFE'T EFD

> p(k) —= d(k) » &(r) —> F(r)

real-space solvers

loss of translational symmetry

} gridding\
/4

{xz', Yiy 24 P(I')

- 0 Mass assignment (NGP, CIC, TSC, QPM...);
o Force anisotropy: W = W(X)W(y)W(2);

' ° 0 Finite difference operator;

[ |2 Match the accuracies 1n real- and Fourier- forces;

0 Density field is always under-sampled: aliasing.

® Vary the mesh size; perturb the mesh locations...
a Jing 2004; Cu1 2008; Sefusatti 2017; Hand 2017...




From exact to approximate gravity solvers

O(NQ) Sources> O(N lOg(N)) Sinks> O(N)
direct summation BH tree FMM

Key idea of FMM:

Approximate the force from a group
of particles onto another group of
particles with a single operation.
Jargon: multipole-to-local (M2L),

cell-cell interaction...
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FMM Taylor expand 1/r on both sides

pre-80s: Maxwell; Kellog sink/target source
80s: Greengard, Rokhlin; . .
A ® B

F. Zhao(R &) \ /

90s—now: Warren, Dehnen, Stadel...

R=%,-Z, =(jL,kL,L)

I(I)(Xa — Xb) = (I)(I'a — Ty + R)
0O 1 p—|n| 1
D D PRGN T Y
In|=0 m=0
P4 p—|n]| 1
~ —rg > — ry,) 2V H(R)
In|=0 m=0

, (Ta -+ Tb)p
momentum-conserving, €rror ~

11 (R — Tag — Tb)p



Taylor expansion 1s faster than SH at small p

Evaluations of simple but cumbersome polynomials; simple + and
*, no complex numbers...

L[1]+= M[10]%d [20] +M[11]*d [21]+M[12]%d [22]+M[13]*d [23]+M[14]%d [25]+M[15]%d [26]+M [16]*d [27]+M[17]%d [29] +M[18]xd [30]+M [19]*d [32] ;
L{2]4= M[10])%d [21]+M[11])%d [22]+M[12]%d [23]+M[13])*d [24]+M[14]%d [26]+M[15]*d [27]+M[16]%d [28] +M[17]%d [30]+M[18]*d [31]+M[19])*d [33];
L[3]+= M[10])%d [25]+M[11])xd [26]+M[12]%d [27]+M[13]%d [28]+M[14]xd [29]+M[15]*d [30]+M[16]%d [31]+M[17])*d [32]+M[18]*d [33]+M[19]%d [34];

10° 3
spherical haymonics in ExaFMM
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High order expansion with FMM

Cost to obtain median force error for an isolated Hernquist profile

median force error, BH Tree

median force error, FMM
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PBC with real-space force solvers

cut-off error: O(R™°)

. Arrange replicas spherically with
original box 1n the center;

. R cut: 100L~1000L;

. Compute forces onto the original box

from all the replicas;

. Apply correction for boundary

conditions:
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P (> |Aa|/|al)

P (> |Aa|/|a|)
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Does 1t work?

~ Euclid code comparison ICs (Schneider+2015), 2048”3 particles.
~ Parallel FMM using locally essential tree based on ExaFMM.

<~ Momentum-conserving integration.

200

400

For median force error ~10"{-5}
with 1024 CPUs 200

400 sec/step (high-z),
200 sec/step (low-z).

| ) 9 ' r - & » .
0 100 200 300 400 500



Approximation with first three multipoles

Monopole (total mass/charge) : Qior = Z q;

M DipoleP:P:E:—qua:j, P :—quyj, Pzz—quzj
(multipoles)
% Quadrupole Q : Qze = Y ¢;7;%;/2, Quy = > €;T;Yj, Quz = > €iT;2j...
d 1 1 1 3R2 — R* 3R.R, SR, R,
: —R,,—R,,—R,), D= — | 3R:R 3R? - R* 3R,R,
(derivatives of 1/r) | R~ R3 (— e 7 2 RP | 3R, RZ 3%@ R, 3R? - R?
-@thO’t—Q“’t(azR +yR, + zR,) + 1(PR + P, R, + P,R.) ~1/R™2
R R3 R3
- C)to’c{m2 xx T xyDa:y == 3520z “|_ 9 Dyy =+ yZDyz —I_ Dzz}
— (PyDyy + PyDyy + P,D;»)
— Y(Pe Doy + PyDyy + P, D) NI/R/\B
— 2(PyDy, + P, Dy, + P,D,,)
+ {meD:B:B + Qquwu + Q:BzD:Uz + QUUDU'U + QuzDuL7_|_ szDzz} + ..




Only monopoles are causing troubles







Only monopoles are causing troubles

density = Q tot/L"3

Replace summation with integration (R cut >>L)




Conclusions

® Periodic boundary conditions can be imposed without Fourier
method; solve the integral form instead of the differential form of
Poisson’s equation.

® The correction takes very similar form as the open (vacuum)
boundary condition.

® Only need one (Gadget-like) force error tolerance parameter.
® The cut-off error can be made arbitrarily small, falls off as O(R”-5).

® The above approach is best realized with FMM; one single
translation for almost the entire spherical volume.
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Magic tricks by Lord Rayleigh
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0
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3R,R.

3R2 — R?
3R2 — R2.

0
0

3R, R,
3R, R.
3R2 — R?

LVI. On the Influence of Obstacles arranged in Rectangular
Order upon the Properties of a Medium. By Lord RAYLEIGH,

Sec. R.8.*
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Now when p is sufficiently great, tho summation may be
replaced by an integration ; thus

-.-—JI dE F,-) dE dndg.

In this,
v
f dt p? 5 de=- (F+7+ )

+e vdy 2v?
f-. A7+ T @+ @+
and finally
+o v'd€ ' 240
— (P48 27+ )} J. o v (2+tan®d)

(M ads
"ﬁ v(2—=¢) 3

Thus

S, — 2%‘.. . . . . . . . . (65)
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Taylor expansion on which side?

Newton J. Barnes and P. Hut
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Fig. 1 Hierarchical boxing and force calculation, presented for
simplicity in two dimensions. On the left, a system of particles and
the recursive subdivision of system space irduced by these parti-
cles. Our algorithm makes the minimum number of subdivisions
necessary to isolate each particle. On the right, how the force on
particle x is calculated. Fitted cells contain particies that have been
lumped together by our ‘opening angle’ criterion; each such cell
represents a single term in the force summation.
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Infinity 1s reserved solely for God

...1t seems to me that 1f the matter of our sun and planets and all the
matter 1n the universe were evenly scattered throughout all the
heavens, and every particle had an innate gravity toward all the
rest, and the whole space throughout which this matter was

scattered was but finite, the matter on the outside of the space

would, by its gravity, tend toward all the matter on the
inside, and by consequence, fall down into the middle of the
whole space and there compose one great spherical mass. But if the

matter was evenly disposed throughout an Infinite space, it could

never convene into one mass; but some of it would convene

into one mass and some into another, so as to make an

infinite number of great masses, scattered at great distances from
one to another...

cJ




Infinity 1s reserved solely for God

...a mathematician will tell you, that if a body stood in equilibrio
between any two equal and contrary attracting infinite

forces; and if to either of these forces you add any new finite
attracting force, that new force, how little soever, will destroy their
equilibrium, and put the body into the same motion...
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Taylor expansion of 1/R on both sides

R=%,-Z, =(iL.kL,IL)

N Qiot ot | 1

+ Qtot{% i == By A B2 + Dyy +yzD,, + Dzz}
— 2(PyDyy + PyDyy + P. D)
— Y(PrDay + PyDyy + P.Dy)
— 2(Fp Dy, + PyDy, + P, D, )
+{Qu2Dzs + QuyDay + Qu2Dzz + QuyDyy + Q=D + Q.. D2} + ...

(P<R, + P,R, + P,R,)

2
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